Linearised rotating magnetohydrodynamic stability code for the steady axisymmetric basic states of an electrically conducting fluid sphere is described. The code generates compact hybrid angular spectral forms of the magnetic induction, heat and Boussinesq Navier-Stokes equations, using toroidal and poloidal representations of the perturbation vector fields, and vector or scalar spherical harmonic expansions of all fields. 
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non-linear dynamically-consistent dynamo calculations. The nonlinear equations for an electrically-conducting Boussinesq fluid in a frame rotating with uniform angular velocity Ω governing the velocity v, the pressure p, the magnetic induction B and the temperature Θ are ρ(∂ t v + ω × v + 2Ω × v) = −∇P + J × B − α Θ Θg + ρν∇ 2 v (1)
where P = p + 1 2 ρv 2 is the modified pressure, ω = ∇ × v is the vorticity, J = ∇ × B/µ 0 is the electrical current, ν, η and κ are the viscous, magnetic and thermal diffusivities, α Θ is the thermal expansivity and Q is the rate of heat production per unit volume and c p is the specific heat at constant pressure. The gravitational field may be asymmetric. The diffusivities and specific heat are constants.
The rotating mhd equations (1)- (4), linearised about the steady axisymmetric basic state (v 0 , B 0 , Θ 0 ) , with v = v 0 + v , etc, are
The interaction terms, which arise from the non-linear advection, ω 0 × v and ω × v 0 , are not required for the test models considered in §4 and have been omitted. They may be treated similarly to the Lorentz terms. The equations must be supplemented by boundary conditions. Special cases include: thermal convection with v 0 = 0 , C426 Θ 0 the conduction temperature and B 0 omitted; kinematic dynamos with v 0 given, B 0 = 0 and Θ 0 omitted; and magnetoconvection with v 0 = 0 , B 0 and Θ 0 (r) given. In stability problems equations (5)- (8), with Q = 0 , and the associated boundary conditions are homogeneous and have solutions B , v , Θ ∝ e γt . The problem is then a generalised eigen-or critical-value problem ( §4.1). Primes on perturbation fields are suppressed below.
The linearised equations are discretised in angle using vector spherical harmonic expansions ( §2.2) of all vector fields and spherical harmonic expansions ( §2.1) of all scalar fields, for both the basic and perturbation states. Toroidal-poloidal representations ( §2.1) are also used, but only for the perturbation solenoidal vector fields, not the basic state fields. Thus there are five independent perturbation scalar fields: the temperature, and the toroidal and poloidal potentials of the magnetic field and the velocity. The resulting hybrid angular spectral equations ( §2.3) are more compact and less error prone to code, than if the toroidal-poloidal spectral interactions of products are fully expanded. Moreover, although there are ten products, only three subroutines are required to evaluate their angular dependence ( §3). The subroutines calculate the three angular coupling integrals, which occur, in terms of 3j-, 6j-and 9j-symbols. Further, only six distinct combinations of perturbation radial functions and their derivatives occur, which greatly simplifies radial discretisation ( §3). The code uses second-order finite-differences on a uniform radial grid. The resulting large-scale complex nonhermitian generalised eigen-and critical-value problems are solved using inverse and Newton-Raphson iteration methods, respectively. The code is tested against several models: rotating thermal convection ( §4.1), kinematic roll-dynamos ( §4.3) and magneto-convection ( §4.4). Concluding remarks are given in §5.
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2 Hybrid vector spherical harmonic method 2.1 Toroidal-poloidal fields and spherical harmonics
The solenoidal conditions (8) are satisfied by the toroidal-poloidal representations
where T{T } := ∇ × {T r} and S{S} := ∇ × T{S} . From the identity ∇ × S{S} = T{−∇ 2 S} , it follows for the current and vorticity that
The perturbation scalar fields are expanded in terms of (scalar) spherical harmonics. The spherical harmonic of degree n and order m in colatitude θ and east-longitude φ is defined for m ≥ 0 by
where
n dz m+n is the associated Legendre function of degree n and order m. For m < 0 the spherical harmonic of degree n and order m is defined by Y 
Summations are over n α ∈ N , and m α = −n α , . . . , n α .
Vector spherical harmonics
The vector spherical harmonics used herein are defined by James [5] Y m n,n 1 F · G * dΩ of complex vector functions F and G of θ and φ. Hence (Y α , Y β ) = δ α,β . The basic-state and perturbation velocity, vorticity, magnetic induction and electric current fields are expanded in vector spherical harmonics,
The summations are over n α ∈ N , n 1α = n α , n α ± 1 and m α = −n α , . . . , n α .
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The Y -expansions of t and s are related to the Y-expansion of v
. Similarly, the Y -expansions of T and S are related to the Y-expansion of B by
The Y-components of the vorticity are related to the toroidal-poloidal velocity potentials by similar equations. The Y-expansions of the temperature gradient q are related to the Y -expansion of Θ by
, and q γ = 0 , if γ 1 = γ , where f q is the temperature gradient field factor,
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The hybrid linearised spectral equations
The hybrid linearised spectral momentum equations [3] for t γ and s γ are
The magnetic vector potential equation, ∂ t A = η∇ 2 A + v × B + ∇V , where B = ∇ × A , is used instead of the magnetic induction equation, since F × G is easier to handle than ∇ × (F × G) . The magnetic vector potential spectral equations [3] for S γ and T γ are
The hybrid spectral linearised heat equation [3] for Θ γ is
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The interaction terms are 
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The coupling integrals of these three harmonics,
, have been evaluated in closed form [5] in terms of 3j-, 6j-and 9j-symbols, which are readily evaluated. The series (10) and (11), and the equations (15)-(19), are truncated at n = N n .
Code structure and radial discretisation
There are three general routines for cross-products F 0 × F , dot products F 0 · F and scalar multiplications f 
Two symmetries are exploited to reduce the numerical problem size. The first is the axisymmetry of the basic state, which decouples the spherical harmonic orders m of the perturbation fields. Eigenand critical solutions are of the form, f (r, θ, φ) = f (r, θ)e imφ , for f ∈ {s, t, S, T, Θ} . The order m enters as a parameter, which is fixed apriori, eliminating one independent variable, φ. Since the fields are real, only m ≥ 0 is considered. The second is symmetry under reflection in the equator, that is, parity: even/odd (e/o) for scalars and dipole/quadrupole (d/q) for vectors. A scalar f is even/odd, if f (r, π − θ, φ) = ±f (r, θ, φ) ; a vector field F is dipole/quadrupole, if Only six types of radial expressions occur,
apart from the trivial f 0 f . The compact form of these expressions greatly simplifies radial discretisation. Second-order finitedifferences on a uniform grid, r j = j/N r , j = 1, . . . , N r , are used. The centred schemes, n f m n (r) . This identity is used to fold the schemes from negative grid points back to positive points. Note that the poloidal-toroidal potentials of an analytic vector field are analytic.
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The centred schemes are supplemented by one-sided right boundary schemes near r = 1 ,
if the boundary conditions fix f , and
if the boundary conditions fix f (1) . Schemes (24)- (26), (28) and (29) are applied at r Nr ; schemes (27), (30) and (31) are applied at r Nr−1 . The code produces three large, sparse, banded, complex matrices A, B and C. The bandwidth of the matrices for the most general problem is minimised, if the spherical harmonic coefficients, S 
Models and results

Methods for eigen-and critical-value problems
The code produces the matrices A, B and C for two kinds of problem. The first is the generalised eigenvalue problem,
for the growth rate γ of largest real part and the associated eigenvector x, where R is a dimensionless parameter. The second is the critical value problem,
for the critical value of the real parameter R and the critical frequency ω = γ , that is, the values where the real part of the growth rate γ vanishes, γ = 0 . Problem (32) is solved using generalised inverse iteration,
whereŷ n , which may be complex, is the element of y n of largest magnitude, and (γ 0 , x 0 ) is an estimate of (γ, x) . Problem (33), which is non-linear in the unknowns, (R, ω, x) , as well as underdetermined since it is homogeneous in x, is supplemented by an linear normalising equation in x and solved by Newton-Raphson iteration [7] .
Rotating thermal convection
The basic state for rotating thermal convection is B 0 = 0 , v 0 = 0 and the steady conduction temperature Θ 0 . In the present model, the volume heat production is constant, Θ 0 vanishes on the boundary r = a, and gravity g = −g a r/a . In terms of the boundary temperature gradient −β, the heat production is Q 0 = 3κρc p β/a and the temperature is Θ 0 = β(a 2 − r 2 )/2a . The perturbation magnetic field B simply decays, since v 0 = 0 , and so is omitted. Further, there is no surplus heat production, Q = Q 0 .
The remaining problem is non-dimensionalised using the radial length scale a, the viscous diffusion time scale a 2 /ν, the viscous velocity scale ν/a and the temperature scale aβ. The dimensionless equations for the perturbation velocity and temperature, v and Θ are
where E := ν/2Ωa 2 , R := αg a a 2 β/2Ων and Pr := ν/κ are the Ekman, a modified Rayleigh and Prandtl numbers. On the boundary the velocity satisfies the no-slip condition, v = 0 , and the temperature vanishes, Θ = 0 . Thus Critical values of the modified Rayleigh number for the test model [6] with Pr = 1 are shown in Table 1 for the quadrupole modes. The associated critical frequencies are also given. In [6] , which treats only rotating thermal convection in a sphere, the toroidal-poloidal momentum equations and the heat equation are discretised using a Galerkin method in radius and angle. The radial basis functions are linear combinations of modified spherical Bessel functions and the angle basis functions are spherical harmonics. For a given radial truncation level the method of [6] is more accurate than the radial finite-difference/angle Galerkin method used herein, but it is also substantially more difficult to apply and is not as general.
Kinematic dynamos with axisymmetric flows
The basic state for kinematic dynamos is B 0 = 0 , Θ 0 = 0 with a prescribed flow v 0 , which is axisymmetric. The magnetic field B is due to the electric currents generated by the motion v 0 of a spher-C438 ical conducting fluid V of radius a and uniform magnetic diffusivity η. The exterior is electrically insulating and the dynamo is selfexciting, that is, there are no sources of magnetic field at infinity. The perturbation velocity, temperature, Navier-Stokes equation and heat equation are omitted. The equations are non-dimensionalised using the radial length scale a, a typical flow speed v 0 and the magnetic diffusion time scale, a 2 /η. The magnetic field B is governed by
where R := av 0 /η is the magnetic Reynolds number. The magnetic (Ohmic) free-decay case R m = 0 has analytic solution
for r < 1 , n, k ∈ N + , where j n is the nth order spherical Bessel function of the first kind and j n,k is the kth zero of j n . The slowest decaying poloidal modes are the n = 1 , k = 1 (m = −1, 0, 1) modes with (dimensional) decay time t P = a 2 /j 2 01 η , j 01 = π . The slowest Selected results are shown in Table 2 for m = 1 quadrupole solutions. In [1] the magnetic induction equation is discretised using toroidal and poloidal fields, a spherical harmonic Galerkin method in angle and second-order finite-differences in radius with Richardson extrapolation, but a lower order radial boundary scheme. The critical magnetic Reynolds number 94.9385 for = 0.13 compares with the value 95 given in [1] . In the test model [2, 4] the basic state magnetic field is purely toroidal, B 0 = sin θ 1 φ , and the non-zero basic state vector spherical harmonic coefficients are B Table 3 for Λ = 0.5 and m = 2 , and compared with less general methods [2] and [4] . The former [2] used a Galerkin method in radius and angle and was restricted only to the basic state given above; the latter [4] used a less accurate method, namely finite-differences in both r and θ with the φ-dependence separated out.
Concluding remarks
A hybrid spectral code for the linearised magnetohydrodynamic equations in a sphere, which uses vector spherical harmonics and toroidal-poloidal fields, is described. The basic state is axisymmetric. Good agreement is obtained with published results for three model problems.
